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Abstrat
Three shemes of neutrino mixings (osillations) together with their
mixing matries (analogous to Kabibbo-Kobayashi-Maskawa matries) are
onsidered. In these shemes neutrino transitions are virtual if neutrino
masses are different. Two of them belong to the so alled mass mixing
shemes (mixing parameters are expressed by elements of mass matries)
and the third sheme belongs to the harge mixing sheme (mixing pa-
rameters are expressed through harges). In the first sheme system of 6
equations for determination of the all elements of the mass matrix (neutri-
no masses and transition widths) by using experimental data are obtained.
In the seond and third ones the neutrino mixing angles are equal or lose
to maximal angles (pi/4). It is obvious that the experiment must give an
answer to the following question: Whih of these shemes is realized in-
deed?
1 Introdution
In the quark setor, mixings between d, s, b quarks are desribed by
Kabibbo-Kobayashi-Maskawa matries [1℄. At present, we know that the
lepton numbers are not onserved [2-5℄ and νe, νµ, ντ neutrinos are also
mixed. Then, for lepton setor we an also introdue similar matries.
Unfortunately, we do not know: are there neutrino osillations, or only
neutrino mixings without osillations take plae? Therefore, it is neessary
to onsider all the realisti shemes of neutrino mixings and osillations.
Usually, only the standard sheme of neutrino osillations is onsidered
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[6℄. Sine in this sheme the law of energy-momentum onservation is not
fulfilled [7℄, we suppose that this sheme is not a realisti one for desrip-
tion of neutrino osillations. We proposed three shemes for desription of
neutrino mixings and osillations [7℄. The first sheme is the development
of the standard sheme in the framework of the partile physis. In these
shemes neutrino transitions are virtual if neutrino masses are different.
You are invited to study these shemes of neutrino mixings and osilla-
tions. In this paper we also obtain mixing matries for these shemes.
2 Shemes (Types) of Neutrino Mixing (Osillation)
and Their Mixing Matries
In a ommon ase there an be two shemes (types) of neutrino mixings
(osillations): mass mixing shemes and harge mixings sheme (as it takes
plae in the vetor dominane model or vetor boson mixings in the stan-
dard model of eletroweak interations).
2.1 Two Shemes of Neutrino Mass Mixings (Osillations) and
Their Mixing Matries
In the standard approah [6℄ it is supposed that neutrinos are one reated
in superposition states, i.e., mass matrix is a nondiagonal one. If mass ma-
trix is nondiagonal at one, then we must diagonalize this matrix in order
to find eigenstates of neutrinos. Then eigenstates are ν1, ν2, ν3 neutrinos,
i.e., there must be reated ν1, ν2, ν3 neutrinos but not νe, νµ, ντ neutrinos.
It is obvious that it annot be oordinated with experimental data. In the
weak interations only physial neutrinos (νe, νµ, ντ) are reated, i.e., at
one mass matrix is a diagonal one, and then at violation of the lepton
numbers this matrix is transformed into nondiagonal one [7℄. We stress
this point for its fundamental importane.
Originally it was supposed [6℄ that these neutrino osillations are real
osillations, i.e., that there takes plae a real transition of eletron neutrino
νe into muon neutrino νµ (or tau neutrino ντ). Then the neutrino x = µ, τ
2
will deay in eletron neutrino plus something
νx → νe + ...., (1)
as a result, we get energy from vauum, whih equals the mass differene
(if mνx > mνe)
∆E ∼ mνx −mνe. (2)
Then, again this eletron neutrino transits into muon neutrino, whih de-
ay again and we get energy and et. So we got a perpetuum mobile!
Obviously, the law of energy onservation annot be fulfilled in this pro-
ess. The only way to restore the law of energy onservation is to demand
that this proess is a virtual one. Then, these osillations will be the virtual
ones and they are desribed in the framework of the unertainty relations.
The orret theory of neutrino osillations an be onstruted only in the
framework of the partile physis theory, where the onept of mass shell
is present [8℄, [9℄.
We an also see that there are two ases of neutrino transitions (osil-
lations) in the sheme of mass mixings [9℄.
2.1.1 Development of the Standard Sheme of Neutrino Mixings (Osilla-
tions)
The standard sheme belongs to the so-alled mass mixings sheme, sine
mixing parameters are expressed through elements of mass matrix. In this
ase the probability of νe → νµ transition (osillation) is desribed by
the following expression (for simplifiation we onsider two neutrino νe, νµ
mixings ases):
P (νe → νµ, t) = sin22θsin2

pit| m
2
ν1
−m2ν2 |
2pνe

 , (3)
where pνe is a momentum of νe neutrino,
sin22θ =
4m2νe,νµ
(mνe −mνµ)2 + 4m2νe,νµ
, (4)
and
m1,2 =
1
2
[
(mνe +mνµ)±
(
(mνe −mνµ)2 + 4m2νµνe
)1/2]
, (5)
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At this transitions (osillations) neutrinos remain on their mass shell and
transitions (osillations) must be virtual.
It is interesting to remark that expression (4) an be obtained from
the Breit-Wigner distribution [10℄
P ∼ (Γ/2)
2
(E − E0)2 + (Γ/2)2 , (6)
by using the following substitutions:
E = mνe, E0 = mνµ, Γ/2 = 2mνe,νµ, (7)
where Γ/2 ≡ W (...) is a width of νe → νµ transition, then we an use a
standard method [9, 11℄ for alulating this value. Then, the probability
of νe → νµ transitions is defined by these neutrino masses and width of
their transitions.
Expression for length of these osillations has the following form:
Lo = 2pi
2p
| m22 −m21 |
. (8)
Above, we onsidered the ase of two neutrino transitions (osilla-
tions). In the ommon ase we must onsider three neutrino transitions
(osillations). For a omplete desription of three neutrino osillations we
must have six parameters (we suppose that this mass matrix is symmetri
in respet of the diagonal one),


mνe mνeνµ mνeντ
mνeνµ mνµ mνµντ
mνeντ mνµντ mντ

 , (9)
three diagonal terms of this matrix are masses of three physial neutrinos
mνµ, mντ , mνe and three nondiagonal mass terms of this matrix are mνeνµ,
mνµντ , mνeντ -neutrino transition widthes. Sine in the expression for neu-
trino transition probabilities mass differenes (in squared form) are used
in reality, we need only five parameters (and for further simplifiation the
physial neutrino masses are used). Besides, if mass matrix is omplex,
there appears one parameter, onneted with CP violation.
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Let us onsider bak problem, i.e., problem of finding of these (six)
parameters from experiments. From experiments on neutrino transitions
(osillations) we an determine the following six values:
three values from amplitudes
sin22θij =
4m2νiνj
(mνi −mνj)2 + 4m2νiνj
, (10)
and three values from osillation lengths (or differenes of squared masses
m2να −m2νβ)
P ′(νi → νj, t) = sin2

pit| m
2
να
−m2νβ |
2pνi

 , (11)
where
i < j, i, j = e, µ, τ ; α, β = 1, 2, 3
Using these parameters we an obtain values of six neutrino mass matrix
parameters: three values for neutrino mass (or two mass differenes) and
three nondiagonal mass parameters (widths of neutrino transitions).
These mixing angles an be onneted with the mixing matrix V in
the same manner as it takes plae for the Kabibbo-Kobayashi-Maskawa
matries [1℄. We will hoose a parameterization of the mixing matrix V in
the form proposed by Maiani [12℄:
V =


1 0 0
0 cγ sγ
0 −sγ cγ




cβ 0 sβ exp(−iδ)
0 1 0
−sβ exp(iδ) 0 cβ




cθ sθ 0
−sθ cθ 0
0 0 1

,
(12)
ceµ = cos θ, seµ = sin θ, c
2
eµ + s
2
eµ = 1;
ceτ = cosβ, seτ = sin β, c
2
eτ + s
2
eτ = 1; (13)
cµτ = cos γ, sµτ = sin γ, c
2
µτ + s
2
µτ = 1;
exp(iδ) = cos δ + i sin δ.
In our approximation, the value of δ an be onsidered to be equal to zero.
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Equations for mixing angles expressed through elements of mass matrix
have the following form:
seµ = sin θ =
1√
2

1− | mνµ −mνe |√
(mνµ −mνe)2 + (2mνeνµ)2

 , (14)
c2eµ = 1− s2eµ ;
seτ = sin β =
1√
2

1− | mντ −mνe |√
(mντ −mνe)2 + (2mνeντ )2

 , (15)
c2eτ = 1− s2eτ ;
sµτ = sin γ =
1√
2

1− | mντ −mνµ |√
(mντ −mνµ)2 + (2mνµντ )2

 , (16)
c2µτ = 1− s2µτ .
2.1.2 Analysis of Present Status of Neutrino Mixing Parameters
Super-Kamiokande data [3℄ on atmospheri neutrino transitions for νµ →
ντ are
sin22β ∼= 1, ∆m223 ∼= 2.5 · 10−3eV 2. (17)
The KamLAND detetor [5℄ on ν¯e → ν¯µ transitions presented the following
data:
sin22θ ∼= 1, ∆m221 ∼= 6.9 · 10−5eV 2. (18)
Using the above and the SNO [4℄ data we an ome to onlusion that for
νe → ντ transitions we have
sin22γ ∼= 1, (19)
but the value of ∆m231 remains not fixed.
The viinity of sin22θ, sin22β, sin22γ to unity allows possibility for the
expansion of these values around unity and then expressions for sin22θij
and mass differenes will have the following form:
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(2mij)
2 ≫ (mj −mi)2 j > i; i, j = e, µ, τ
sin22θij ∼= 1− (mνi −mνj)
2
4m2νi,νj
, (20)
∆m221 = m
2
2 −m21 = (mνµ +mνe)
√
(mνµ −mνe)2 + (2mνeνµ)2, (21)
if 2mνeνµ ≫| mνµ −mνe | then
∆m221 = (mνµ +mνe)2mνeνµ

1 + (mνµ −mνe)
2
2(2mνeνµ)
2

 , (21′)
and if 2mνeνµ ≪| mνµ −mνe | then
∆m221 = (m
2
νµ
−m2νe)

1 + (2mνeνµ)
2
2(mνµ −mνe)2

 ; (21′′)
∆m231 = m
2
3 −m21 = (mντ +mνe)
√
(mντ −mνe)2 + (2mνeντ )2, (22)
if 2mνeντ ≫| mντ −mνe | then
∆m231 = (mντ +mνe)2mνeντ

1 + (mντ −mνe)
2
2(2mνeντ )
2

 , (22′)
and if 2mνeντ ≪| mντ −mνe | then
∆m231 = (m
2
ντ −m2νe)

1 + (2mνeντ )
2
2(mντ −mνe)2

 ; (22′′)
∆m231 = m
2
3 −m22 = (mντ +mνµ)
√
(mντ −mνµ)2 + (2mνµντ )2, (23)
if 2mνµντ ≫| mντ −mνµ | then
∆m231 = (mντ +mνµ)2mνµντ

1 + (mντ −mνµ)
2
2(2mνµντ )
2

 , (23′)
and if 2mνµντ ≪| mντ −mνµ | then
∆m231 = (m
2
ντ −m2νµ)

1 + (2mνµντ )
2
2(mντ −mνmu)2

 . (23′′)
In ommon ase from the neutrino osillation experiments, we an ob-
tain six values sin22θ, sin22β, sin22γ, ∆m21,∆m32,∆m31, whih an be
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used for determination of six parametersmνe, mνµ, mντ , mνeνµ, mνµντ , mνeντ
using 3 equations (20) for sin22... and 3 equations (21)-(23). Unfortunate-
ly, these equation are transendental ones and they an be solved only
numerially.
In the simplest ase
sin22θ ∼= sin22β ∼= sin22γ ∼= 1, (24)
mνe
∼= mνµ ∼= mντ = mν (25)
and we get
∆m221
∼= 4mνeνµ ·mν ∼= 2.5 · 10−3eV 2,
∆m231
∼= 4mνeντ ·mν ∼= while remains unknown, (26)
∆m232
∼= 4mνeνµ ·mν ∼= 6.9 · 10−5eV 2,
and there is no possibility to obtain values of masses of physial neutrinos.
2.1.3 The Case of Neutrino Mixings without Mass Shell Changing
Above we onsidered the ase when virtual neutrino transitions take plae
with hange of neutrino masses. Another ase is also possible, when νe
neutrino transits into νµ neutrino without hanging mass, i. e., m
∗
νµ = mνe
then
tg2θ =∞, (27)
θ = pi/4, and
sin22θ = 1. (28)
In this ase the probability of the νe → νµ transition (osillation) is
desribed by the following expression:
P (νe → νµ, t) = sin2

pit4m
2
νe,νµ
2pa

 . (29)
Expression for length of osillations this ase has the following form:
Lo = 2pi
2p
(2mνeνµ)
2
.
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In order to make these virtual osillations real, their partiipation in
quasi-elasti interations is neessary for their transitions to their own
mass shells [9℄.
The matrix, analogous to Kabibbo-Kobayashi-Maskawa in this ase,
is a trivial one and it has the following form:
V =


1 0 0
0 cγ sγ
0 −sγ cγ




cβ 0 sβ exp(−iδ)
0 1 0
−sβ exp(iδ) 0 cβ




cθ sθ 0
−sθ cθ 0
0 0 1

,
(30)
ceµ = cos θ =
1√
2
, seµ = sin θ =
1√
2
;
ceτ = cosβ =
1√
2
, seτ = sin β =
1√
2
; (31)
cµτ = cos γ =
1√
2
, sµτ = sin γ =
1√
2
;
exp(iδ) = 1.
In our approximation the value of δ an be onsidered to be equal to zero.
In the ase
sin22θ = sin22β = sin22γ = 1, (32)
we have
∆m221 = (2mνeνµ)
2,
∆m231 = (2mνeντ )
2, (33)
∆m232 = (2mνeνµ)
2,
and we an obtain values of nondiagonal mass terms (widths of neutrino
transitions) but there is no possibility of obtaining values of masses of
physial neutrinos.
It is neessary to remark that in physis all the proesses are realized
through dynamis. Unfortunately, in this mass mixings sheme the dynam-
is is absent. Probably, that is an indiation of the fat that these shemes
are inomplete ones, i.e., these shemes demand a physial substantiation
(see setion 2.2).
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Obviously, these shemes will only work if neutrino osillations take
plae in reality (it is lear that there also an be neutrino mixings in ab-
sene of neutrino osillations).
2.2 The Sheme of Neutrino Charge Mixings (Osillations)
The third sheme (type) of neutrino mixings or transitions an be realized
by mixings of the neutrino fields by analogy with the vetor dominane
model (γ − ρo and Zo − γ mixings) in the same way as it takes plae in
the partile physis. Then, in the ase of two neutrinos, we have
ν1 = cosθνe − sinθνµ, (34)
ν2 = sinθνe + cosθνµ.
In the ase of three neutrinos we an also hoose parameterization of the
mixing matrix V in the form proposed by Maiani [12℄:
V =


1 0 0
0 cγ sγ
0 −sγ cγ




cβ 0 sβ
0 1 0
−sβ 0 cβ




cθ sθ 0
−sθ cθ 0
0 0 1

, (35)
ceµ = cos θ seµ = sin θ, c
2
eµ + s
2
eµ = 1;
ceτ = cosβ, seτ = sin β, c
2
eτ + s
2
eτ = 1; (36)
cµτ = cos γ, sµτ = sin γ, c
2
µτ + s
2
µτ = 1;
The harged urrent in the standard model of weak interations for
two lepton families has the following form:
jα =
(
e¯µ¯
)
L
γαV

 νe
νµ


L
,
V =

 cos θ sin θ− sin θ cosθ

 , (37)
and then the interation Lagrangian is
L = g√
2
jαW+α + h.c. (38)
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and
νe = cosθν1 + sinθν2
νµ = −sinθν1 + cosθν2. (39)
Then, taking into aount that the harges of ν1, ν2 neutrinos are g1, g2 we
have
gcosθ = g1, gsinθ = g2, (40)
i. e.,
cosθ =
g1
g
, sinθ =
g2
g
. (41)
Sine sin2θ + cos2θ = 1, then
g =
√
g21 + g
2
2
and
cosθ =
g1√
g21 + g
2
2
, sinθ =
g2√
g21 + g
2
2
. (42)
Sine we suppose that g1 ∼= g2 ∼= g√
2
, then
cosθ ∼= sinθ ∼= 1√
2
. (43)
It is not diffiult to ome to onsideration of the ase of three neutrino
types νe, νµ, ντ . Sine the weak ouple onstants gνe, gνµ, gντ of νe, νµ, ντ
neutrinos are approximately equal in reality, i.e., gνe ≃ gνµ ≃ gντ then the
angle mixings are nearly maximal:
cosθ = cosθνeνµ
∼= sinθνeνµ ∼=
1√
2
,
cosβ = cosθνeντ
∼= sinθνeντ ∼=
1√
2
, (44)
cosγ = cosθνµντ
∼= sinθνµντ ∼=
1√
2
.
As it is stressed above in the ase of mass mixings sheme, we have no
dynamial substantiation in ontrast to the ase of harge mixings sheme,
but these shemes may be jointed if neutrino masses have the following
form:
mνi = giv, i = e, µ, τ, (45)
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where v is onstant, as it is in the Higgs mehanism [13℄. And then the
problem of dynamial substantiation in this sheme is solved.
3 Conlusion
Unfortunately, we do not know there are neutrino osillations or only neu-
trino mixings without osillations. Therefore, it is neessary to onsider
all the realisti shemes of neutrino mixings and osillations. In this work
three shemes of neutrino mixings (osillations) together with their mix-
ing matries (analogous to Kabibbo-Kobayashi-Maskawa matries) were
onsidered . In these shemes neutrino transitions are virtual if neutrino
masses are different. Two of them belong to the so-alled mass mixing
shemes (mixing parameters are expressed by elements of mass matries)
and the third sheme belongs to the harge mixings one (mixing param-
eters are expressed through harges). For the first sheme, the equations
for determination of the all elements of mass matrix (neutrino masses and
transition widths) by using experimental data were given. In the seond
and third ones the mixing angles are equal or lose to the maximal angles
(pi/4). It is obvious that the experiment must get an answer to the follow-
ing question: Whih of these shemes is realized indeed?
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